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Let R be a globalized pseudo-valuation domain (for short, GPVD) with Krull dimension n. It 
is shown that the power series ring R[[X]] has Krull dimension n + 1 if and only if R has 
Arnold’s SITproperty. There is also given a characterization of GPVD’s with the SFl- 
property. 
Introduction 
If V is an n-dimensional discrete valuation domain (in the sense of [ll, p. 192]), 
then Fields [7] has proved that V[[X]] has Krull dimension n + 1. Later it was 
shown by Arnold in [3] that if a commutative ring R fails to have the SFT- 
property, then the power series ring R[[X]] has infinite Krull dimension. We 
recall that an ideal A of a commutative ring is an SFT-ideal (an ideal of strong 
finite type) if there exists a positive integer k and a finitely generated ideal B such 
that B c A and ak E B for each a E A; moreover, if each ideal of R is an 
S&T-ideal, then we say that R has the SFT-property. A valuation domain V has 
the SFT-property if and only if each nonzero prime ideal of V is not idempotent 
[4, Proposition 3.11 and a valuation domain V with finite Krull dimension has the 
SFT-property if and only if it is discrete. In particular, if V is a non-discrete 
valuation domain, then dim V[[X]] = ~0. Furthermore, in [4] Arnold has investi- 
gated the dimension theory of D[[X]], where D is a Priifer domain and has 
proved [4, Theorem 3.81 that if a Priifer domain D with Krull dimension n has the 
SIT-property, then dim D[[X]] = n + 1. 
On the other hand, in [12] Hedstrom and Houston have introduced the concept 
of pseudo-valuation domain (or, for short, PVD), a generalization of the concept 
of a valuation domain. In fact, any pseudo-valuation domain R is characterized by 
having a canonically associated valuation overring V (with the same set of prime 
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ideals as R) such that R may be recovered from its residue-class field and V by a 
pullback construction [2, Proposition 2.61. Hence, since PVD’s are closely related 
to valuation domains, it is natural to investigate the dimension theory of R[[X]], 
where R is a finite-dimensional PVD with the SFT-property. Subsequently Dobbs 
and Fontana [6] have introduced and studied two global counterparts of the 
concept of PVD; the first of these counterparts is the class of locally pseudo- 
valuation domains, or LPVD’s. A domain R is defined to be an LPVD in case R, 
is a PVD for each prime ideal P of R. The class of LPVD’s clearly contains all the 
Priifer domains and all the PVD’s. Several other examples are considered in [6]. 
The second and more interesting global counterpart to PVD’s is the class of 
globalized pseudo-valuation domains, or GPVD’s. For short, a domain R is a 
GPVD in case R is an LPVD whose localizations have pullback descriptions 
arising from a canonically associated unibranched Priifer overring of R (cf. also 
Section 1). The class of GPVD’s contains all the Prufer domains and all the 
PVD’s; further examples with number-theoretic motivation are given in [5]. A 
GPVD being closely related to a Prufer domain, by the results of Arnold [4] on 
the power series rings over a Prufer domain, it is natural to ask whether it remains 
true that dim R[[X]] = n + 1, when R is a GPVD of Krull dimension y1 having the 
SFT-property. 
In the first section of this paper, we start giving a characterization of PVD’s, 
LPVD’s, and GPVD’s with the SFT-property; in particular, we show that a 
GPVD (resp. a PVD) has the SFT-property if and only if its associated Prufer 
domain (resp. valuation domain) has the SFT-property. 
In the second section, we begin by extending to power series rings over a 
GPVD some properties which hold in power series rings over a Priifer domain; 
then we prove the main result of this paper: if R is a finite-dimensional GPVD 
with the SFT-property, then dim R[[X]] = n + 1. 
We conclude with some examples of finite-dimensional PVD’s (non valuation 
domains) and GPVD’s (non Prufer domains) with and without the SFT-property. 
All rings considered in this paper are commutative with 1. Data consisting of a 
quasi-local ring R with maximal ideal M and residue class field k = RIM will be 
summarized as either (R, M) or (R, M, k), with k denoted by either k(R) or 
k(M). More generally, if P is a prime ideal of a ring R, then k(P) denotes 
RJPR,. We assume some familiarity with the literature on PVD’s and LPVD’s, 
as in [2, 5, 6, 9, 12, 131. The symbol c denotes inclusion and the symbol C 
denotes proper inclusion. Any unexplained terminology is standard, as in [ll, 141. 
1. GPVD’s with the SFT-property 
We recall some terminology and we summarize the principal facts about PVD’s. 
Let R be a domain with quotient field K. As in [12], we say that a prime ideal P of 
R is strongly prime if x, y E K and xy E P imply that x E P or y E P; and that R is 
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a pseudo-valuation domain (or, for short, a PVD) if each of its prime ideals is 
strongly prime. A PVD is necessarily quasi-local [12, Corollary 1.31 and clearly a 
valuation domain is also a PVD. A quasi-local domain R with maximal ideal M is 
a PVD if and only if M is also the maximal ideal of some valuation overring V of 
R [12, Theorem 2.71. In this case, V is uniquely determined as the conductor 
V= (M: M) = {x E KlxM C M} [2, Proposition 2.51, and is called the valuation 
domain associated to R; moreover, Spec(R) = Spec(V) as sets; if R # V, then 
V= (R: M) [12, Theorem 2.101; and R may be recovered by V as a pullback: 
R=Vx k(,,j k(R) (cf. [2, Proposition 2.61). 
In order to give a characterization of PVD’s with the SIT-property, we start 
with the following result giving a comparability relation among ideals of a PVD in 
the same spirit as [l]: 
Lemma 1.1. Let R be a PVD. If P is a prime ideal of R such that P2 # P, then for 
each a E P - P2 
P2CaR. 
Proof. We may assume that R is not a valuation domain otherwise the assertion is 
evident. Let V be the valuation domain associated to R. As Spec(R) = Spec(V), 
we have P2 C aV. Hence, for any x, y E P, xy E P2 C aV and there exists t E V 
such that xy = at. If t@R, then by [12, Proposition 1.21 tt’PC P, so x(yt-‘) = 
a E P2, which is a contradiction. Therefore t is in R, thus P2 C aR. 0 
Proposition 1.2. The following conditions are equivalent for a PVD R with 
associated valuation domain V: 
(1) R has the SFT-property; 
(2) Each nonzero prime ideal of R is not idempotent; 
(3) V has the SFT-property. 
Proof. As Spec(R) = Spec(V), by [4, Proposition 3.11 (2)e(3) is immediate. The 
implication (1) + (2) follows from [4, Lemma 2.71. Hence, it remains only to 
show that (2) + (1). Let P be a nonzero prime ideal of R, then by (2) we can take 
a E P - P2. By Lemma 1.1 P2 C aR C P; hence P is an SFT-ideal and by [4, 
Proposition 2.21 R has the SFT-property. 0 
We recall from [6, Theorem 3.11 that a subring R of a Prufer domain T is called 
a globalized pseudo-valuation domain (or GPVD) if the following two conditions 
hold: 
(a) R C T is a unibranched extension; 
(b) There exists a nonzero ideal A common to T and R such that each prime 
ideal of T (resp. R) which contains A is a maximal ideal of T (resp. R). 
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T is called the Prufer domain associated to R and is uniquely determined. It is 
shown in [6, Theorem 3.11 that the contraction map Spec(T) + Spec(R) is a 
homeomorphism; moreover for any nonzero maximal ideal M of R, let N be the 
maximal ideal of T contracting to M; then if AgN, R, coincides with the 
valuation domain TN; if A c N, then R, is a PVD with associated valuation 
domain TN. In particular, each GPVD is an LPVD; in the quasi-local case, the 
notions of GPVD, LPVD and PVD coincide. 
In order to give a characterization of LPVD’s with the SIT-property, we show 
some facts about primary ideals of a PVD and an LPVD which are analogous to 
those concerning the primary ideals of a valuation domain and a Prufer domain 
[ll, Theorem 17.3(b) and Theorem 23.3(b)]. 
Lemma 1.3. Let (R, M) be a PVD and let P be a nonzero prime ideal of R. If 
Y= {Q,>,,, is the set of P-primary ideals of R, then Y is closed under multiplica- 
tion. In particular, {P” ) k 2 l} c 9. Zf P is not idempotent and P is not maximal, 
then Y={Pklkrl}. 
Proof. By [ll, Theorem 17.31, we may assume that R is a PVD but not a 
valuation domain. Let V be the valuation domain associated to R. Let Q,, 
Q2 E 9’; clearly Q,Q, has radical P. If P = M, trivially Q1Q2 is M-primary. Let 
P # M. Since by 112, Proposition 2.61 R, = V,, R, is an overring of V and it is 
easy to see that, for every P-primary ideal Q of R, QRr f’ V= Q and that, hence, 
Q is a P-primary ideal of V. Let Q1, Q, E Y, then, by the previous remark, Q, 
and Q, are P-primary ideals of V and, by [ll, Theorem 17.3(b)], Q,Q2 is a 
P-primary ideal of V and so Q,Q, = Q, Q2 n R is a P-primary ideal of R. The last 
assertion follows immediately from [ll, Theorem 17.3(b)]. 0 
Corollary 1.4. Let R be an LPVD and let P be a nonzero prime ideal of R. Zf 
Y= <Q,b-> is the set of P-primary ideals of R, then Y is closed under 
multiplication. In particular, { Pk 1 k 2 l} C 9, Zf P2 # P and P is a nonmaximal 
ideal, then Y={Pk(kel}. 
Proof. Easy consequence of Lemma 1.3, using the standard techniques of 
localization. We omit the details. 0 
Next, we shall extend to LPVD’s the characterization of Priifer domains with 
the SIT-property given in [4, Proposition 3.11. 
Proposition 1.5. The following conditions are equivalent for an LPVD R: 
(1) R has the SFT-property; 
(2) For each nonzero prime ideal P of R, there exists a finitely generated ideal Z 
such that 
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Proof. (1) 3 (2). Let P be a nonzero prime ideal of R. By (l), P is the radical of 
some finitely generated ideal .Z of R and by [4, Lemma 2.71 there exists an 
a E P - P2. Let Z = J + (a); then I is a finitely generated ideal of R such that 
P = v’? and Zg’P’. Let M be a maximal ideal of R which contains P. By Corollary 
1.4, P2 is P-primary and hence a E PR, - P”R,. By Lemma 1.1, P2R, C aR,; 
as aR, C ZR,, P2R, C ZR,. Consequently P* C I, by the arbitrariness of M. 
(2)+ (1). This holds in general (without the LPVD assumption), cf. [4, 
Proposition 2.21. 0 
Before giving another characterization of a GPVD, with the SFT-property 
through its associated Prufer domain, we need the following simple result: 
Lemma 1.6. Let R be a GPVD with associated Prtifer domain T. Let P be a prime 
ideal of R and let Q be the prime ideal of T contracting to P. Then 
P2=Q2nR. 
Proof. Trivially P2 C Q2 n R. We suppose that P2 C Q’ fl R and select x E (Q’ n 
R) - P2. Let Z = { y E R 1 xy E P”} ; Z is an ideal of R and it is easy to see that 
Z # R. Let M be a maximal ideal containing I. Since the contraction map 
Spec( T) + Spec(R) is a homeomorphism [6, Theorem 3.11, let N be the maximal 
ideal of T contracting to M. From P2 C Z it follows that P c M and so QTN = 
PR, [6, Theorem 3.11; hence Q2T, = P’R,. In particular x E Q’T, = P2R,. By 
Corollary 1.4, P2 is P-primary, hence P2 = P’R, f’ R and so x E P2, the desired 
contradiction. q 
Proposition 1.7. Let R be a GPVD with associated Prtifer domain T. Then the 
following conditions are equivalent: 
(1) R has the SFT-property; 
(2) T has the SFT-property. 
Proof. (1) + (2). Let Q be a nonzero prime ideal of T. We want to show that Q is 
an SFT-ideal. Since the contraction map Spec( T) + Spec(R) is a homeomorphism 
[6, Theorem 3.11, the prime ideal P = Q fl R is nonzero in R. Moreover, P being 
an SFT-ideal, by Proposition 1.5 there exists an ideal Z = x, R + . . . + x,R with 
x;ER, lsisn, such that P2cZCP. We set J=x,T+...+x,T; trivially 
J c Q. We claim that Q2 C_ .I. Let N be a maximal ideal of T containing J. Since 
ZcNflR, QnR=P=ficNnR, i.e. QfIRCNfIR; hence QcNby [6, 
Theorem 3.11. Moreover, if M = N fl R, ZR, C JT, and, as observed in the proof 
of Lemma 1.6, P2R, = Q’T,; hence Q’T, c IR, c JT, for each maximal ideal 
N of T containing J. Therefore Q’ c J c Q. Thus Q is an SET-ideal of T. 
(2) + (1). Since T has the SFT-property, the prime spectrum of T is Noetherian 
[4, Proposition 2.51. Moreover by [6, Theorem 3.11, the contraction map 
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Spec( T)+ Spec(R) is a homeomorphism, thus Spec(R) is Noetherian, too. Let P 
be a nonzero prime ideal of R; then by [15, Proposition 2.11 P is the radical of a 
finitely generated ideal J of R. Let A4 be a maximal ideal of R containing P and let 
Q and N be the prime ideals of T such that Q n R = P and N fl R = M. Since T 
has the SFT-property, T, has the SFT-property [4, Proposition 2.41; moreover R, 
is a PVD with associated valuation domain TN. By Proposition 2.2, R, has the 
SIT-property and so PR, # P2R, hence P f P2. Let a E P - P2 and let I = 
J + (a). Obviously, I is a finitely generated ideal of R such that V? = P and 
Zg P2. We shall prove that P2 c I. If M is a maximal ideal of R containing P, then 
R, is a PVD, P2 is P-primary (by Lemma 1.3) and, by the choice of a, we know 
that a g P2R,. Therefore, by Lemma 1.1, we obtain that P2R, C aR,. 
Moreover, aR, c IR, so that P2R, C ZR, for each maximal ideal M of R 
containing I. Consequently P2 C I c P. The desired conclusion now follows from 
Proposition 1.5. 0 
2. The power series ring over a GPVD 
Throughout this section R will denote a GPVD, T the Prufer domain associated 
to R and A a nonzero radical ideal common to T and R such that each prime ideal 
of T (resp. R) which contains A is a maximal ideal of T (resp. R) [6, Theorem 3.1, 
condition (b)]. We begin by extending some results concerning Prufer domains 
with the SIT-property [4] to GPVD’s with the SIT-property. 
Lemma 2.1. Let R be a GPVD with associated Prtifer domain T. Then 
(R[[XlI)~-~o~ = (T[[XlI)T~(o) 
Proof. Since trivially (R[[X]])R_(Oj C (T[[X]])T_(,,j, it remains only to show that 
UWlI)~~~o~ C UWIIL-~O~~ Let a be a nonzero element of A; then for each 
f E T[[X]], and for each b E T - (0), f/b = (af)l(ab) E (R[[X]])R_cOj, as 
required. 0 
Corollary 2.2. Let R be a GPVD with associated Prtifer domain T. There exists a 
one-to-one order preserving correspondence between the set of all the prime ideals 
of R[[X]] contracting to (0) in R and the set of all the prime ideals of T[[X]] 
contracting to (0) in T. 
Proof. Straightforward consequence of Lemma 2.1. Cl 
Corollary 2.3. Let R be a finite-dimensional GPVD having the SFT-property. Then 
(R[[XlI)~-~o~ is a Dedekind domain. 
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Proof. By [6, Theorem 3.11 dim T = dim R is finite; moreover by Proposition 1.7 
also T has the SFT-property. By [4, Proposition 3.71 we know that (T[[X]])T_(,,l 
is a Dedekind domain. The conclusion follows immediately from Lemma 2.1. 0 
Corollary 2.4. Let R be a jinite-dimensional GPVD having the SFT-property. If P’ 
is a nonzero prime of R[[X]] such that P’ fl R = (0), then the height of P’ is 1. 
Proof. Immediate consequence of Corollary 2.3. 0 
The following result contains the key part of the proof of the main theorem of 
this paper. 
Proposition 2.5. Let R be a finite-dimensional GPVD with the SFT-property. If P 
is a prime ideal of height 1 of R, then P[[X]] . 1s a p rime ideal of R[[X]] of height 1. 
Proof. Let T be the Prufer domain associated to R and let Q be the prime ideal of 
height 1 of T which contracts to P [6, Theorem 3.11. We suppose that there exists 
a nonzero prime ideal of R[[X]] P’ such that P’ C P[[X]]. If (0) C P’ fl R, then 
P’ fl R = P and consequently Vm C P’. Since R has the SFT-property, 
P[[XlI = m [3> Th eorem 11, so it follows that P’ = P[[X]], a contradiction 
to our assumption that P’ C P[[X]]. So P’ fl R = (0). By Corollary 2.2 there exists 
a prime ideal Q’ of T[[X]] such that Q’ tl R[[X]] = P’ and Q’ fl T = (0) (thus, 
obviously Q’ f Q[[X]]). Moreover, T is a finite-dimensional Prufer domain (cf. 
[6, Theorem 3.11) and T has the SFT-property (by Proposition 1.7), so by [4, 
Proposition 3.51 Q[[X]] has height 1. We deduce in particular that Q’gQ[[X]]. 
Let f E Q’ - Q[[X]] and let A be a nonzero radical ideal common to T and R 
which satisfies condition (b) of the definition of GPVD. We consider two cases: 
Case 1. A gP. Let a E A - P. Then af E R[[X]] n Q’ = P’, and, since P’ C 
f’[[XlI c Q [[XII 2 we obtain that af E Q[[X]], a contradiction. 
Case 2. A c P. In this case A[[X]] c P[[X]]; moreover, since A# (0) and 
Q’ n T= CO), A[[Xll,ZQ’. W e consider the ideal A[[X]] + Q’ which is a proper 
ideal: indeed, if A[[X]] + Q’ = T[[X]], then there exists g, E A[[X]] and g, E Q’ 
such that 1 = g, + g,; so 1 - g, = g, E Q’ n R[[X]] = P’ c P[[X]]; then I E 
P[[X]], the desired contradiction. Let Q” be a prime ideal of T[[X]] which 
contains A[(X]] + Q’; then A c Q” n T and so Q” f’ T = N is a maximal ideal of 
T. Therefore (2” 1 Vm = N[[X]] and from this it follows that either 
Q” = N[[X]] or Q” = N + (X). If Q” = N[[X]], then Q’ has the form Q,[[X]] for 
some nonzero prime ideal Q, of T [4, Corollary 3.61. But it is true also that 
(0)= Q’n T= Q,Nxlln T= Q,, a contradiction. Therefore Q” has the form 
N + (X). But Q” is any prime ideal of T[[X]] containing A[[X]] + Q’, whence 
XE dA[[X]] + Q’ and thus there exists a positive integer k such that Xk E 
A[[X]] + Q’. Since A[[X]] c P[[X]] and Q’ tl R[[X]] = P’ c P[[X]], it follows 
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that Xk E P[[X]], the desired contradiction arose from the fact that (0) C P’ C 
P[[X]]. We conclude that the height of P[[X]] is 1. q 
It is known that if R is an LPVD, then RIP is also an LPVD, for each prime 
ideal P of R [6, Remark 2.4(e)]. We shall prove a similar result for GPVD’s, but 
add a further condition. 
Proposition 2.6. Let R be a GPVD and suppose that A is contained in only finitely 
many prime ideals. If P is a prime ideal of R, then RIP is a GPVD. 
Proof. Obviously, we can suppose that P is a nonmaximal prime of R. Let T be 
the Priifer domain associated to R, and Q the prime (nonmaximal) ideal of T such 
that Q II R = P. Let T = T/Q and let R be the canonical image of RIP in f. We 
shall show that R is a GPVD with associated Prufer domain T. Trivially R c T is a 
unibranched extension and T is a Priifer domain. We can suppose that A + Q # T 
(otherwise, it is easy to see that R = ? and so l? is a Priifer domain). Let 
N,,..‘, N, be the maximal ideals of T which contain A and let Mj = N, fl R for 
i=l,..., r. If X’ = {N E Max(T) 1 A + Q C N} , then X’ c {N, , . . . , IV,}. After 
a possible reordering of N,, . . . , N, we can suppose that X’ = {N,, . . , IV,} with 
s 5 r. It is easy to see that (N, fl . . . n IV,) /Q is a nonzero radical ideal of T which 
is contained in R. It is evident if s = r. Suppose s < r and take t E N, n . . * fl N,. 
Let s < i 5 r; then, from Q ZN,, it follows that there exists an element xi E 
Q - N,. Therefore, since N, E Max(T), there exists ti E T and yi E N, such that 
1 = trxi + yi. Then t + Q = ty, + Q for each i = s + 1, . . . , r; thus t + Q = a + Q 
with a E A. Moreover each prime ideal of F (resp. Z?) which contains (N, rl . . . n 
N,)/Q is clearly a maximal ideal of f (resp. R). 0 
Corollary 2.7. If a GPVD R has the SFT-property, then for each prime ideal P of 
R, RIP is a GPVD. 
Proof. Each ideal of a ring with the SIT-property has only finitely many minimal 
prime divisors [4, Corollary 2.61. The desired conclusion now follows from 
Proposition 2.6. 0 
We close this section with the main theorem of this paper. 
Theorem 2.8. Let R be a GPVD with dim R = n. The following conditions are 
equivalent: 
(1) R has the SFT-property; 
(2) dim R[[X]] = n + 1; 
(3) dim R[[X]] < 30. 
Proof. The implication (2) + (3) is trivial and (3) + (1) follows from [3, Theorem 
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11. It remains only to show that (1) $J (2). W e use induction on n. Let y1 = 1 and 
let (0) C Pi C P; be a chain of prime ideals of R[[X]]. By Corollary 2.4, 
Pi fl R # (0). Let M = Pi fl R; since R has the SFT-property, M[[X]] c Pi [3, 
Theorem 11. Moreover, by Proposition 2.5, the height of M[[X]] is 1, whence 
mx11= 5. This implies that Pi = M + (X) is a maximal ideal and so 
dim R[[X]] = 2. N ow, let dim R = n with IZ > 1 and let (0) C Pi C Pi.. . C Pk, 
with k > 1, be a chain of prime ideals of R[[X]]. Since ht(P;) > 1, it follows from 
Corollary 2.4 that Pi fl R # (0). So there exists a prime ideal P of R such that 
ht(P) = 1 and P & Pi f~ R. Therefore Pi > P[[X]] [3, Theorem 11; moreover, by 
Proposition 2.5, ht(P[[X]]) = 1 and so P[[X]] C Pi. We have a chain (0) C 
P;lP[[x]] c . . . C P;/P[[X]] of k - 1 prime ideals of R[[X]]/P[[X]] - (RIP) 
[[Xl]. Since P is a height 1 prime non-maximal ideal of R, by Corollary 2.7 RIP is 
a GPVD of dimension m with 11 m 5 n - 1, and RIP has the SFT-property by 
[4, Proposition 2.31. By the inductive hypothesis, it follows that k - 1 5 m + 1 5 
II, whence k 5 n + 1. Consequently dim R[[X]] 5 n + 1. The opposite inequality 
holds trivially. 0 
3. Examples 
Example 3.1. Let K = @, k = Q, T an indeterminate over K and R = k + 
TK[Tl(,,. Then it is well known that R is a PVD of dimension one, which is not 
Noetherian (moreover, it is not coherent, nor integrally closed). The valuation 
domain associated to R is K[T](,, which is discrete and hence has the SFT- 
property. Therefore, by Lemma 1.1 also R has the SIT-property and Theorem 
2.8 implies that dim R[[X]] = 2. 
More generally, for the n-dimensional case, ~12 1, we have the following: 
Example 3.2. By Lemma 1.1 and Theorem 2.8, if R is a PVD of Krull dimension 
IZ with associated valuation domain V, then dim R[[X]] = n + 1 if and only if V is 
discrete. Therefore, in particular, for each positive integer 12, it is easy, using 
Gilmer’s D + M construction, to give an example of a PVD R (not a valuation 
domain) with the SIT-property and whence such that the ring of power series 
R[[X]] has dimension n + 1; and an example of a PVD R, not a valuation domain, 
without the SFT-property and so with the ring of power series R[[X]] not finitely 
dimensional. 
Let k C K be a (proper) inclusion of fields. For each positive integer ~1, it is a 
standard fact to exhibit an n-dimensional discrete (resp. nondiscrete) valuation 
domain V, (resp. V,) of the form VI = K + M, (resp. V, = K + M2). Then 
R, = k + M, and R, = k + M, are n-dimensional PVD’s (not valuation domains 
[12, Example 2.11) such that dim R,[[X]] = n + 1 and dim R2[[X]] = x. We notice 
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a quite different way. As a matter of fact, 
dim R,[X] = dim R2[X] = n + 1 if the field extension k C K is algebraic and 
dim R,[X] = dim R2[X] = II + 2 if the field extension k C K is transcendental (cf. 
[13, Theorem 2.51 and [9, Corollary 1.4(c)]). 
Example 3.3. Let m 2 2 be a positive integer. In [6, Example 2.51 an example is 
given of a GPVD with precisely m maximal ideals, such that its localizations at 
every maximal ideal are PVD’s but not valuation domains. We resume such an 
example, in a particular case, in order to exibit a non-Noetherian one-dimensional 
quasi-semilocal GPVD which has the SIT-property and which is neither a Prufer 
domain nor a PVD. 
Consider a field k with the following two properties: 
(1) There exist m 2 2 pairwise incomparable one-dimensional discrete valuation 
domains V, = k + M, having (a maximal ideal Mi, a residue class field k and) a 
common quotient field; 
(2) There exist m distinct proper subfields k, of k such that for at least one i 
[k : kJ = 3~. 
First we recall that T = ny=, V, is a Prufer (in fact, Bezout) domain with 
precisely m distinct maximal ideals, given by N, = Mi n T, such that TN, = V, for 
each i [14, Theorem 1071. Since each Vi is discrete of rank one, T is a Dedekind 
domain and, of course, T has the SIT-property. 
Moreover, it is shown in [6, lot. cit.] that R = n:?“,, (k, + Mi) is a GPVD with 
associated Prufer domain T. The maximal ideals of R are precisely Pi = Mi rl R, 
1 5 i % m, and for each i R, = k, + Mi. Since R is not quasi-local, R is not a PVD 
and since each k, + Mi is a PVD (but not a valuation domain [12, Example 2.1]), 
R is a (non-Prufer) GPVD. Moreover, R is not Noetherian, by the hypothesis of 
the field extensions [lo, Theorem 3.41. Lastly, by Proposition 1.7, R has the 
SFT-property, as T does, and, by Theorem 2.8, dim R[[X]] = 2. 
Example 3.4. In [6, Example 3.21 there is also given the following example of a 
GPVD which we recall shortly. Let A be the domain of all algebraic integers, pZ 
a maximal ideal of Z, {Mj} the uncountable set of maximal ideals of A which 
contract to pZ, S=A\U {Mi}, T=A, and Ni=M,A,. Let R= 
T X “, kcN,j n, (Z/p??); then R is a non-Noetherian GPVD of dimension one with 
associated Priifer domain T. Since T is not a Dedekind domain, T has not the 
SFT-property [4, p.41; thus by Proposition 1.7, also R has not the SFT-property 
and by [3, Theorem 11, dim R[[X]] = 00. 
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